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We propose a minimal theoretical model for the description of a two-dimensional (2D) strongly
interacting Fermi gas confined transversely in a tight harmonic potential, and present accurate pre-
dictions for its equation of state and breathing mode frequency. We show that the minimal model
Hamiltonian needs at least two independent interaction parameters, the 2D scattering length and
effective range of interactions, in order to quantitatively explain recent experimental measurements
at nonzero filling factor N/N2D, where N is the total number of atoms and N2D is the threshold
number to reach the 2D limit. We therefore resolve in a satisfactory way the puzzling experimental
observations of reduced equations of state and reduced quantum anomaly in breathing mode fre-
quency, due to small yet non-negligible N/N2D. We argue that a conclusive demonstration of the
much-anticipated quantum anomaly is possible at a filling factor of a few percent. Our establish-
ment of the minimal model for 2D ultracold atoms could be crucial to understanding the fermionic
Berezinskii-Kosterlitz-Thouless transition in the strongly correlated regime.
Two-dimensional (2D) quantum many-body systems
are of great interest, due to the interplay of reduced
dimensionality and strong correlation, which leads to
enhanced quantum and thermal fluctuations [1] and a
number of ensuing quantum phenomena such as Berezin-
skii–Kosterlitz–Thouless (BKT) physics [2, 3]. In this re-
spect, the recently realized 2D Fermi gas of ultracold 6Li
and 40K atoms under a tight axial confinement provides
a unique platform [4, 5], with unprecedented controlla-
bility particularly on interatomic interactions. To date,
many interesting properties of ultracold 2D Fermi gases
have been thoroughly experimentally explored [5], includ-
ing the equation of state (EoS) at both zero temperature
[6, 7] and finite temperature [8, 9], radio-frequency spec-
troscopy [10–12], pair momentum distribution [13], first-
order correlation function and BKT transition [14], and
quantum anomaly in breathing mode frequency [15–17].
These results may shed light on understanding other im-
portant strongly correlated 2D systems, such as high-Tc
layered cuprate materials [18], 3He submonolayers [19],
exciton-polariton condensates [20] and neutron stars [21].
The present theoretical model of ultracold 2D Fermi
gases is simple [4, 5]. Under a tight harmonic confine-
ment with trapping frequency ωz along the axial z-axis
and a weak confinement ω⊥ in the transverse direction,
the kinematic 2D regime is reached when the number of
atoms N is smaller than a threshold N2D ≃ (ωz/ω⊥)2, so
all the atoms are forced into the ground state of the mo-
tion along z [5]. The interatomic interactions are then
described by a single s-wave scattering length a2D [6],
which is related to a 3D scattering length a3D via the
quasi-2D scattering amplitude [22]. Various experimental
data have been compared and benchmarked with differ-
ent theoretical predictions of the simple 2D model [23–
32]. For EoS, i.e., the chemical potential and pressure
at essentially zero temperature, good agreements were
found [6, 9]. But, at the quantitative level the experimen-
tal data in the strong interacting regime somehow lie sys-
temically below the accurate predictions from auxiliary-
field quantum Monte Carlo (AFQMC) simulations [6, 9].
The discrepancy is not so serious and might be viewed as
an indicator of small deviation from the 2D kinematics
[5], in spite of the fact that the 2D condition N ≪ N2D
is well satisfied. However, a serious problem does arise
when two experimental groups measured the breathing
mode frequency in the deep 2D regime most recently
[16, 17]. The observed frequency turned out to be much
smaller than the well-established theoretical prediction in
the strongly interacting regime [25, 26]. This discrepancy
is at the qualitative level, suggesting that the simple 2D
model with a single parameter a2D may not be sufficient
for the description of ultracold 2D Fermi gases [33].
The purpose of this Letter is to provide a minimal the-
ory of ultracold 2D Fermi gases, with the inclusion of a
properly defined effective range of interactions (see Fig.
1). The proposed model Hamiltonian is then solved at
zero temperature by taking into account strong pair fluc-
tuations at Gaussian level and beyond (Fig. 2), with the
help of a correlation energy from AFQMC in the zero-
range limit [30]. This enables us to predict accurate EoS
(Fig. 3 and Fig. 4), as well as reliable breathing mode
frequency (Fig. 5). The puzzling quantitative and qual-
itative discrepancies, observed in the previous compar-
isons between experiment and theory [5, 6, 9, 16, 17], are
therefore naturally resolved in a satisfactory way. Our
results emphasize the important role played by the ef-
fective range of interactions in 2D strongly interacting
Fermi systems, which may also be found in cuprate su-
perconductors [18] and neutron stars [21].
Effective range of interactions. We start by considering
the collision of two fermions with mass M and unlike
spin in a highly anisotropic harmonic trapping potential,
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FIG. 1. Confinement-induced effective range of interactions
Rs, in units of R
(0)
s = (− ln 2)a
2
z, as a function of the inverse
3D scattering length az/a3D. The inset shows the effective
range as a function of the two-body binding energy.
described by a quasi-2D scattering amplitude [22],
fQ2D(k; a3D, az) =
4π√
2πaz/a3D +̟ (k2a2z/2)
, (1)
where az ≡
√
~/(Mωz) is the harmonic oscillator length
along the z-axis and the function ̟(x) has the expan-
sion ̟(x → 0) ≃ − ln(2πx/B) + (2 ln 2)x + iπ with
B ≃ 0.905 [22]. In the simplest treatment, one may pa-
rameterize the quasi-2D collision using a 2D scattering
length a2D [5, 6], by setting the 2D scattering amplitude
f2D(k; a2D) = −2π/ ln[ka2D(k)/i] = fQ2D(k; a3D, az).
In general, one thus obtains a momentum-dependent
a2D(k), which in the zero-energy limit takes the form
a2D(k → 0) = as ≡ az
√
π/B exp(−
√
π/2az/a3D) [22].
The advantage of this simple treatment is that the de-
scription universally depends on a single parameter a2D,
to be evaluated at a characteristic collision momentum
k0, i.e., k0 =
√
2Mµ˜/~, where µ˜ is the chemical potential
that does not include the two-body binding energy [5, 6].
A more adequate parametrization of the 2D collision
is to include an effective range of interactions Rs in the
2D scattering amplitude [35],
f2D (k; as, Rs) =
4π
−2 ln (kas)−Rsk2 + iπ , (2)
whose pole gives a two-body bound state with binding
energy εB = ~
2κ2/M , where the wavevector κ satisfies
Rs = 2 ln(κas)/κ
2. The same two-body bound state
should be supported by the pole of the quasi-2D scat-
tering amplitude in Eq. (1) as well. By setting k → iκ
there, we find
√
2πaz/a3D + ̟[−εB/(2~ωz)] = 0 [36].
Therefore, we can directly calculate the effective range
Rs, once εB or κ is solved at a given az/a3D.
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FIG. 2. Total energy with the two-body bound-state energy
subtracted as a function of ln(kFas), at Rs = 0 (a) and
Rs ≃ −0.2511a
2
s (b). The mean-field and GPF predictions
are shown by blue dot-dashed lines and red squares, respec-
tively. At zero range in (a), the latest AFQMC result [30]
is plotted by orange dashed line. The inset shows the beta
function β(εB/εF ). At finite range in (b), our theory (black
solid line) is compared with the DMC data (green dot) [38].
The effective range obtained in this way is reported in
Fig. 1. It decreases monotonically from R
(0)
s ≡ (− ln 2)a2z
with increasing az/a3D (main figure) or binding energy
εB (inset). We note that R
(0)
s can be easily derived from
the second expansion term in ̟(x → 0) and its magni-
tude, i.e., R
(0)
s ∼ a2z, is a clear indication of the quasi-2D
nature of atom collisions [5, 22]. As the wavefunction
of two colliding atoms at distance within az is set by
the full 3D contact interaction potential, these collisions
can never be purely 2D. They can only be approximately
treated as 2D, out of the range ∼ az.
When should we care about the effective range Rs?
The answer depends on the characteristic collision mo-
mentum k0 or the dimensionless effective range k
2
0Rs.
By taking the chemical potential of a non-interacting
trapped Fermi gas, i.e., µ˜ ≃ N~ω⊥ [5], we find k20Rs ≃
−(2 ln 2)
√
N/N2D, which could be very significant, even
though the 2D condition N ≪ N2D is well satisfied.
Many-body theory. To account for the effective range
Rs, it is convenient to adopt a two-channel model Hamil-
tonian (the area S = 1) [33, 37, 38]:
H =
∑
kσ={↑,↓}
ξkc
†
kσckσ +
∑
q
(
2ξq/2 + ν
)
b†qbq
+g
∑
kq
(
bqc
†
q/2+k↑c
†
q/2−k↓ + h.c.
)
, (3)
3where ξp ≡ ~2p2/(2M)− µ, and ckσ and bq are the an-
nihilation operators of atoms and molecules in the open-
and closed-channel, respectively. The channel coupling
g is related to Rs, via Rs = 4π
2
~
4/(M2g2), and the de-
tuning ν of molecules is tuned to reproduce the binding
energy εB, i.e., ν = −εB+g2
∑
k[~
2k2/M+εB]
−1 [33, 38].
It is useful to emphasize that, a finite effective range leads
to non-negligible closed-channel population
〈
b†qbq
〉 6= 0.
These are simply virtual excitations above the ground-
state motion along the z-axis, necessarily created from
quasi-2D collisions.
We solve the model Hamiltonian at different orders
of approximation at zero temperature. Formally, the
ground-state energy E may be decoupled as,
E
[
ln (kFas) , k
2
FRs
]
= EMF +∆EGPF +∆Ec, (4)
where kF = (2πn)
1/2 is Fermi wavevector and εF =
~
2k2F /(2M) is Fermi energy for a system with number
density n. The mean-field (MF) theory provides the
leading term EMF, while the major correction arising
from strong pair fluctuations at Gaussian level can be
obtained by using the Gaussian pair fluctuation (GPF)
theory [29, 33, 39–41], i.e., ∆EGPF = EGPF −EMF. The
effect of pair fluctuations beyond Gaussian level may be
characterized by a correlation energy ∆Ec, which is an-
ticipated to be much smaller than ∆EGPF. To see this,
in Fig. 2(a) we plot the ground-state energy in the zero-
range limit (Rs = 0), predicted by mean-field theory,
GPF theory [29] and AFQMC simulation [30]. Indeed,
the correlation energy given by the difference between
the GPF and AFQMC energies is notably smaller than
∆EGPF. In particular, ∆Ec becomes vanishingly small in
the tight-binding limit of ln(kF as)→ −∞ [29]. It is then
useful to define a beta function β = ∆Ec/∆EGPF ≪ 1,
which varies as functions of the two dimensionless inter-
action parameters ln(kF as) and k
2
FRs. For small k
2
FRs,
however, it seems plausible to assume that β relies on a
single parameter εB/εF , whose dependence can be read-
ily extracted in the zero-range limit using the accurate
AFQMC data, as shown in the inset of Fig. 2(a).
We thus establish a viable procedure to calculate the
ground-state energy at nonzero effective range. For a
given set (kF as, k
2
FRs), we first calculate the binding
energy εB/εF and determine the value of β. Both mean-
field and GPF theories are then applied to obtain EMF
and ∆EGPF, and consequently ∆Ec = β∆EGPF. In Fig.
2(b), we present E = EGPF + ∆Ec in black line for a
fixed ratio Rs/a
2
s ≃ −0.2511, at which we may bench-
mark our prediction against available diffusion Monte
Carlo (DMC) data (i.e., the single green dot) [38, 42].
We find that the correction ∆EGPF becomes smaller
at nonzero effective range. Towards the non-interacting
limit (as → ∞) and hence large k2FRs, ∆EGPF vanishes
quickly. This is understandable, since pair fluctuations
become weaker with decreasing channel coupling g and
even mean-field theory may provide accurate prediction
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FIG. 3. Chemical potential with the two-body bound state
contribution subtracted, as a function of ln(kF as) at the num-
ber of atoms N = N2D. The predictions of AFQMC (i.e., for
zero effective range) [30] and our theory with a realistic effec-
tive range as in the experiment [9] are shown by orange dashed
line and black solid line, respectively, and are compared with
the experimental data for µpeak (blue circles) measured at
N ≃ N2D [9, 44]. The inset shows the chemical potential as
a function of ln(kF a2D), where a2D is the effective scattering
length adopted in the experiment [9].
at sufficiently large k2FRs [38]. The correlation energy
also significantly reduces at finite effective range and we
find |∆Ec| < 0.02NεF at all interaction strengths. The
agreement between our theory with DMC is excellent.
The difference is less than 0.01NεF and is comparable to
the systematic error of standard QMC simulation [23].
Equation of state. Once the ground-state energy E of a
uniform 2D Fermi gas is determined, we calculate directly
the chemical potential µ and pressure P using standard
thermodynamic relations. Experimentally, these homo-
geneous EoS can be extracted from a low-temperature
trapped Fermi gas, by using the local density approx-
imation [43], which assigns a local chemical potential
µ(r) = µpeak − V (r) to each position r in the poten-
tial V (r) = Mω2⊥r
2/2. Both the peak chemical potential
µpeak and the in situ density distribution n(r) can be ex-
perimentally measured [6, 8, 9], from which one deduces
the homogeneous density EoS n(µ). By further using the
force balance condition [6], ∇P (r) = −n(r)∇V (r), the
homogeneous pressure EoS P (n) can also be determined.
In Fig. 3, we show the experimental data for the peak
chemical potential µpeak, measured at different magnetic
fields (i.e., a3D) and hence at different ln(kF as) [9, 44].
Our predictions for the peak chemical potential, calcu-
lated under the same experimental condition, are plot-
ted by the black solid line. We find a good agree-
ment between theory and experiment. Due to the large
effective range of interactions in the experiment (i.e.,
k2FRs . −1.2 at N ≃ N2D [9]), the zero-range predic-
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FIG. 4. Pressure as a function of ln(kF as) at N = 0.35N2D .
We use blue circles and red squares to show the experimental
data from Ref. [6] and Ref. [7] with N ≃ 0.35N2D , respec-
tively. The predictions of AFQMC [30] and our theory are
shown by orange dashed line and black solid line, respectively.
Towards the weakly interacting limit, the finite-temperature
effect may become sizable and up-shift the pressure data [6].
The inset shows the peak density (in units of nHOF ) as a func-
tion of ln(kHOF as), where n
HO
F and k
HO
F = (2pin
HO
F )
1/2 are the
peak density and wave-vector of an ideal Fermi gas in traps.
tions from AFQMC appear to strongly over-estimate the
chemical potential. The use of an effective 2D scattering
length a2D can not fully explain the discrepancy (see the
inset and also Fig. 1 in Ref. [9]), as we mentioned earlier.
In Fig. 4, we present the comparison between our pre-
dictions and the experimental data [6, 7] for pressure at
the trap center. In this case, we have N ≃ 0.35N2D
and therefore the effect of the effective range may be-
come weaker. Nevertheless, we can see clearly that in the
strongly interacting regime (i.e., 0 < ln(kF as) < 2), the
experimental data lie systematically below the zero-range
results from AFQMC. The model Hamiltonian with a fi-
nite effective range should be used, in order to quanti-
tatively understand the experimental measurement. We
note that, in harmonic traps the pressure at the center is
fixed by the force balance condition to P =Mω2⊥N/(2π)
[7]. Using the peak density of an ideal trapped Fermi
gas nHOF = Mω⊥
√
N/(π~) [5], we find that the peak
density n ≡ n(r = 0) can be written in terms of the pres-
sure at the trap center, i.e., n/nHOF = [P/(nεF /2)]
−1/2.
This provides an alternative way to illustrate the data,
as shown in the inset. In the strongly interacting regime,
the pronounced difference between the zero- and finite-
range results is then better visualized.
Breathing mode and quantum anomaly. We now turn
to consider the breathing mode frequency, which was
recently measured in two experiments at N ≃ 0.2N2D
[16, 17], as shown in Fig. 5 by green circles and blue
squares. Theoretically, the zero-temperature breathing
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FIG. 5. Breathing mode frequency of 2D strongly interacting
fermions as a function of the interaction parameter ln(kHOF as),
at different total number of atoms N/N2D = 0 (AFQMC [49],
orange dashed line), 0.02 (red dot-dashed line) and 0.2 as in
two recent experiments (black solid line). The experimental
data at N ≃ 0.2N2D by Holten et al. [16] (T = 0.10−0.18TF )
and Peppler et al. [17] (T = 0.14 − 0.22TF ), where TF is
the Fermi temperature, are shown by green circles and blue
squares, respectively.
mode frequency can be conveniently calculated by using
the sum-rule approach [45, 46],
~
2ω2B = −2
〈
r2
〉 [ d 〈r2〉
d (ω2⊥)
]−1
, (5)
where
〈
r2
〉
= N−1
´
d2r[r2n(r)] is the squared radius of
the Fermi cloud at a given trapping frequency ω⊥. In the
classical treatment, a 2D Fermi gas is scale-invariant [47]
and acquires a polytropic density EoS, µ(n) ∝ n2. As a
result, the mode frequency is pinned to 2ω⊥, regardless
of temperature and interactions [47]. The deviation of
the breathing mode frequency away from 2ω⊥ can be
viewed a quantum anomaly [25, 26], arising from strong
quantum pair fluctuations in 2D [48].
As readily seen from Fig. 5, the observed quantum
anomaly in the two experiments is far below the predic-
tion from AFQMC for zero-range interactions with a sin-
gle 2D scattering length [49]. It can only be understood
when we use the proposed minimal model for 2D ultra-
cold fermions and take into account the realistic finite ef-
fective range atN ≃ 0.2N2D. The quantitative difference
between our theory and experiment at 0 < ln(kF as) < 1
could be caused by the finite temperature in the two ex-
periments, which is in the range [0.10− 0.22]TF .
It turns out that the breathing mode frequency or
quantum anomaly depends sensitively on the effective
range. The zero-range result of AFQMC can hardly be
asymptotically approached, even we decrease the number
of atoms down to just a few percent of N2D (see the red
dot-dashed line at N = 0.02N2D). In this case, however,
5the deviation from the classical limit of 2ω⊥ is very signif-
icant and its experimental observation will constitute as
a convincing proof of long-sought 2D quantum anomaly
in cold atoms [48].
Conclusions. We have established a minimal model to
describe ultracold interacting fermions confined in two di-
mensions and have solved it accurately. We have shown
that the confinement-induced effective range of interac-
tions has to be included, in order to understand the re-
cent measurements on quantum anomaly in a qualitative
manner and on equation of state at quantitative level.
Our results pave the way to investigate the crucial role
played by effective range in other two-dimensional quan-
tum many-body systems and provide an excellent start-
ing point to address the fermionic Berezinskii-Kosterlitz-
Thouless transition with cold-atoms [14, 50].
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